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In this paper we study some of the properties of specially multiplicative 
functions, which are multiplicative functions satisfying the identity (1.2). We defme 
the norm of a specially multiplicative function (see (2.5)) and study its properties. 
We give several Dirichlet series identities involving specially multiplicative 
functions and close with a generalization of the Busche-Ramanujan identity. 
1. INTR~DUC~~N 
An arithmetic function f is said to be multiplicative if 
f(m)f(n) = f(mn), (1.1) 
whenever (m, n) = 1. Such a function is said to be completely multiplicative 
if (1.1) holds for all positive integers m and n. A multiplicative function f is 
known if the values off(@) are known for every prime p and positive integer 
e. 
A multiplicative function f is called specially multiplicative [9] if f 
satisfies the identity 
f(m)f(n) = C fWld2) &O (1.2) 
dl(m,n) 
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where g(n) is a completely multiplicative function. The function g may be 
termed as the associated completely multiplicative function, when f is given 
by (1.2). We give below a short table of specially multiplicative functions 
with their associated completely multiplicative functions. 
f(n) Arithmetical Significance 0) 
0) coefficients of a cusp form of weight k n 
k-l 
uk(n) sum of the kth powers of the divisors of n nk 
0 P number of representations of n as a sum of 
two squares (here x4 is the nonprincipal 
character modulo 4) x4(4 
h(n)f(n) multiplication of the specially multipli- 
cative function f by a completely multi- 
plicative function h h*wm 
Certain characterizations of specially multiplicative functions have been 
pointed out in 191. The purpose of this paper is to derive certain properties of 
these functions. An attempt has been made to throw more light on a few 
identities involving Ramanujan’s function z(n) (see [4, 8, 91). In this 
connection, it is interesting to observe that an extension of (1.2) leads to a 
relation between the function r(n) and Ramanujan’s trigonometrical sum 
c,(n) (see Section 6). The corresponding relation involving ok(n) has been 
referred to in [l] as the extended Busche-Ramanujan identity. 
2. PRELIMINARIES 
The convolution of two multiplicative functions f and h is defined by 
df*W) = C f(d) W4. 
din 
It is known that f *h is multiplicative and that the set M of multiplicative 
functions forms an abelian group under convolution with identity element 
E(n)= :, I 
if n=l, 
otherwise. (2.2) 
The convolution inverse of the function f is denoted by f *-I. 
It is convenient to define the generating series [ 1 l] of a multiplicative 
function f to be 
.ft,,(x) = go me) xe. (2.3 ) 
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For f and h in M we have 
(f *h)&) =f&) h,,,(x). (2.4) 
Let A(n) = ( - l)ncn’, where Q(n) denotes the total number of prime 
factors of IZ, each being counted according to multiplicity. In [4] Kesava 
Menon defines the norm of a multiplicative function f by 
Nf )(n) = T f (n2/d) l(d)f (d). 
dii;;iz 
(2.5) 
Then Ndf) is in M and the generating series of N(f) to the base p is given 
by 
Nf)(,,(X) =&,,(fi)f,,,(-fi). (2.6) 
Ramanujan’s trigonometric sum c,(n) [3] is defined by 
c,(n) = 1 exp(2zihn/m), 
h(mod m) 
(h,m)=l 
where the sum is over a reduced residue system modulo m. By Theorem 271 
of 131, we have 
c,(n)= s Cr(m/d)d, 
dl(m,n) 
(2.7) 
where p(m) is the Mobius function. 
3. RELATIONS INVOLVING f(pe) 
In what follows f (n) will always denote a specially multiplicative function 
given by (1.2). 
From (1.2) we see that f(pe) is determined recursively by 
f(Pe+‘)=f(P)f(P7-g(P)f(Pe-‘)Y (3.1) 
for e a positive integer and p a prime. 
It is shown in [S] that f *-l(n) vanishes whenever n is divisible by a cube 
greater than 1. Thus, by (3.1), we have 
-f(P), e= 1, 
f*-‘(p’)= g(p), 
I 
e = 2, 
0, e> 3. 
This result was obtained for cusp forms by Goldstein [2, Proposition 3.31. 
THEOREM 1. f is completely multiplicative if and only ifg = cE, where E 
is defined by (2.2) and c is either + 1 or -1. 
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Proof: If g = cE, then g(p) = 0 for all primes p. Thus, by (3.1), we have 
f(P4+ ‘1 =f(PMPe) 
for every positive integer e. Thus f @ ‘) = (J(p)>’ for all primes p and 
positive integers e, i.e., f is completely multiplicative. The converse follows 
easily and completes the proof. 
THEOREM 2. For e > 1, we have 
[e/21 
f(pC)= s (-lr’ e;j 
( ) 
fe-“(p) g’(P), 
j=O 
where [x] denotes the greatest integer in x. 
Proof. We proceed by induction on e. For e = 1 the result is trivially 
true. Assume the result is true for all e < k, k > 1. Then, by (3.1), we have 
f(Pk’ ‘1 =f(P>f(Pk> - g(P)f(Pk- ‘1 
IWI 
=f(p) c (-1)’ k-j 
( ) 
j .?YP) g’ (PI 
j=O 
I(k- I)/21 
- g(P) T- (-l)j ,~o (“-3 -y-‘-“(PMP) 
IW21 
= 1 t-1)' kij fk+l-2j(p)g'(p) 
j=O ( 1 
+ "ksy (-1)" ($1; )fk+'-"(p)g'(p). 
Let 
1 if k is odd, 
&= 
0 else 
and m = [(k + 1)/2]. Then, by (3.3), we have 
IV21 
f(pkf’)= ,To j (-1) f 
fk+‘-2m(P)gm(P) 
which is the result for e = k + 1. This completes the proof, 
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4. Rth POWER NORM 
Denoting the norm of Ndf) by N’(j), we have N’(f) =N(N(f)). 
Proceeding inductively we define the rth power norm off by 
for r a positive integer greater than one. Thus, if r and s are positive integers, 
we have 
N’(N”(f)) = W(N’Gf)) = N’+yf). (4.1) 
We define N”(j) to be f and if r is a positive integer, we define N-‘(f) to be 
a multiplicative function with the property that 
W(Nyf)) =f: 
With this definition we see that (4.1) holds for all integers r and s. However, 
N-‘(f) is not unique. For instance, from the definition of N(f), (2.5), we see 
that N(J) = N(Af ). Further, in [6] it is shown that the set 
A = {f E h4: N(J) = El contains many elements. 
It is shown in [9] that if f is specially multiplicative, then so is N(f). We 
give below a few theorems concerning specially multiplicative functions. 
THEOREM 3. If f, and fi are specially multiplicative functions, then 
NV, * fJ = N’(fJ * Wf3 
ProoJ Let g, and g, be the associated completely multiplicative 
functions for f, and fi, respectively. Then in [9] it is shown that there exist 
completely multiplicative functions a,(n) and hi(n), i = 1,2, such that 
giCn) = ai bi(n) and h(n) = (ai * hi)(n)* 
If a,(p) = a, and b,(p) = bi, i = 1, 2, then, by (2.4), 
fi(,,(x)= (1 -a$)-’ (1 -b,x))‘. 
Thus, by (2.4), 
V; *f,)c,,(x)=(1-alx)-‘(1-~,x)-1(1-a2x)-’(1-b~x)-’. 
Thus, by (2.6), we have 
(4.2) 
= (1 - a:x)-’ (1 - b:x)-’ (1 - azx)-’ (1 - b:x)-‘. (4.3) 
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For i = 1,2, we have, by (2.6) and (4.2), 
N(&) (x) = (1 - afx)-’ (1 - bfx))‘. 
Thus, by (4.3) and (4.4), we have 
Nfi *f&P) (x> = W,h,, (xl W2h (xl* 
It follows from (2.4) and (4.5) that 
w-~ *f2)=NfJ*w2). 
Since N’-‘(J) is specially multiplicative [9], the proof is complete. 
(4.4) 
(4.5) 
THEOREM 4. If f is specially multiplicative with associated completely 
multiplicative function g, then N’(f) is specially multiplicative with 
associated function g”. 
Proof: Iff = a * b, where a and b are completely multiplicative functions 
such that g = ab, then, by [9], we have 
N(f) = (a’ * b2) and a2b2 = (ab)2 = g’. 
Thus, the result holds for r = 1. Assume the result holds for r = s. Then, for 
r=s+ 1, we have 
Ns* ‘df) = N(N’(f)), 
which is specially multiplicative with associated completely multiplicative 
function 
( g2’)2 = g2s+‘* 
Thus the result holds for s + 1 and the theorem follows by induction. 
Analogous to Theorems 4.1 and 4.2 of [9] we have the following identities 
regarding the rth power norm of a specially multiplicative function. We omit 
the proofs since they are easily deduced from the corresponding results in 
]91* 
THEOREM 5. If@(n)= 2O(“), where w(n) denotes the number of distinct 
prime factors of n, then 
W(J)’ = W+ ‘(f) * ON’(f ). 
THEOREM 6. Wehave 
W(f)’ * W(f)* = N’+ ‘cf) * ANr+ ‘(f). 
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5. GENERATING FUNCTIONS 
The generating function of an arithmetic fimctionf(n) is defined by 
F f(n)nP. 
n=1 
Iffis multiplicative, then we have 
y f(n) KS = n ( y f(p’)p”“) ) (5.1) 
PI=1 P j=O 
where p runs through all primes, provided thatf( 1) = 1 and the series on the 
left-hand side of (5.1) is absolutely convergent (see [3, Theorem 2861). 
The generating function of a specially multiplicative functionf(n) (defined 
by (1.2)) will be denoted by F(s). We assume that F(s) converges absolutely 
in some nonempty half-plane so that all Dirichlet series and Euler products 
mentioned below converge absolutely. We denote the generating function of 
Nf>(n> by F,(s)- 
If g(n) is the completely multiplicative function associated withy(n), then 
we have 
G(s)= +f g(n)nP=n (1 -g(p)p-‘)-‘. 
n=l P 
(5.2) 
THEOREM 7. F(~)=&(l-~(p)p-~+g(p)p-~~)-‘. 
Proof. Since f is multiplicative, we have 
F(s) = n ( 2 f($)p-js) * 
P j=O 
By (3.l), we have 
+oO 
1 f(PWjS 
j=O 
= 1 +f(P)P-s+ c f(P’WjS 
j=2 
= 1 +f(P)P-S + y cf(p)f(p’-‘) -g(p)f(d’-2))p-‘s 
j=z 
= 1 + df(p)p-” - g(P)P-‘“) ;F; S(P’WS. 
(5.3) 
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Thus 
‘c” f(p’)p-jS = (1 --f(p)p+ t g(p>p-2”)-‘. 
j=O 
Combining (5.3) and (5.4) gives the desired result. 
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(5.4) 
COROLLARY. We have 
(1) ‘r” /qn)j+) n-S= n (1 tf(p)p-S t g(P)P-2s)-’ 
z* P 
and 
(2) F,(s) = n (1 - df’(P) - Q(P))FS + gz(P)P-2s)-1. 
P 
Proofof( Since A(n) is completely multiplicative, we see that 
A(n)f(n) is specially multiplicative with associated completely multiplicative 
function A’(n) g(n) = g(n). 
Proofof(2). By Theorem 4, N(f) is specially multiplicative with 
associated completely multiplicative function g’(n). Since N(J)(p) =f*(p) - 
2g(p), by (2.5) and (3.1), the result follows. 
THEOREM 8. Wehave 
tco 
-i- f’(n) n--s = ii F,(s)W) n (1 + g(p)C). ?I=1 P 
ProoJ In [9] it is shown that 
f’(n) = uw-1 * P*g * g)(n). 
Since 
(5.5) 
+CC 
s P2(em KS = n (1 + dP)P)Y (5.6) 
#l=l P 
the result follows from the theorem on multiplication of Dirichlet series [3, 
Theorem 2841. 
COROLLARY. We have 
‘-7 f(n’) n-s = F,(s) JJ (1 + g(p)pP). 
,=I D 
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Pro@ In [9] it is shown that 
f(d) = df” * g* -l)(n). 
The result follows from (5.5), (5.6), and the theorem on the multiplication of 
Dirichlet series [ 3, Theorem 2841. 
THEOREM 9. Let k be a natural number, k = n,,Pe, with e = e(P) 2 0. 
Then 
ProoJ: We have, as in 110, p. 91, 
too 
x f(kn) n-s = 11 +F ftpj+ejP-jS. 
n=1 pcllk ,% 
eao 
(5.7) 
But, from (3.1), we have, for e > 0, 
tm 
-K- f(p’+P)p--jS =f(pe) +f(pe+‘)p + & 
,j 
;‘: f(#+ejp-js 
j=2 
=f(Pe) +f(Pe+‘)P- 
+ F f(Phf(a’+‘- ‘I- g(P)f(Pjte- “> i P is j = 2 
=f(Pe) +f(Pe+‘)P-s +f(p)p-” 
x ‘\7” f($+=)P-jS -g(p)p-*s r. f($+yp-js. ,/, 
After some simplification this gives 
+a) 
yl j-(pj+e)p-js = SCP’) + dftPe+‘) -f(P)f(Pe))P-S 
1 --f(P)P-s + g(P)P-*$ * 
(5.8) 
,jO 
Combining (5.7) and (5.8) we get 
+a, 
x f(kn) n-’ 
II=1 
= 2 (1 -J(p)pP +g(P)P-*Y cope) + df(P”‘) 
e>O 
- S(P)f(Pe)P-S) 
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= f-(s) rI df(P’> + mPe+‘) -f(P)ftPe)P-s) 
plk 
= F(s) rI (ftPe) - g(P)ftPe- VP-“>, 
plk 
by (3.1), which completes the proof. 
THEOREM 10. If ok(n) denotes the sum of the kth powers of the divisors 
of n, then 
v f(n) ok(n) n-’ = F(S) F(s - k)/G(b - k). 
El 
Proof: Since f(n) uk(n) is multiplicative, we have 
5 f(n) ok(n) n-’ = n ‘r” f (Pj) o&#)P-j”. 
tf=l p 20 
(5.9) 
We have, by [3, Theorems 273 and 2741, 
uk(d = I (p”’ ‘jk - l)/(pk - 1) if k#O, j+ 1 if k= 0. (5.10) 
If k # 0, then by (5.4) and (5.10) we have 
+a, 
c f (P’) uk(p’)p-‘” 
j=O 
=& 1 5 f(#)p-j(s-k)+k - +cm f (p.i)p-js 
j=O j=O 
1 - g(P)Pk-2S 
= (1 -f(P)P-S+g(P)P-2S)(1 -f(P)Pk-“+g(P)P2k-2s)’ 
(5.11) 
Now suppose k = 0. Then we have, by (5.10). 
,g f(P’)oo(d)P-‘S= g’ o’+ l)fb-9P-'s. (5.12) 
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Then, by (3.1), 
+‘X 
Y u + l)f(p’)P 
j=O 
+a, 
= 1 + 2!(P)P + c (j + l)f(pj)p-‘” 
j=2 
= 1 + 2f(P)FS +f(p)p-” +f (j + 2)dfp’)p-j” 
j= I 
- g(p)p-2s +r” * ,yo (3 + 3)f(P’)Fj’ 
= 1 + (f(P)FS -g(p)P-2s) Y (j+ l)f(p’)P 
,Zl 
+ (f(P)FS - ww2s) c f(p’WS. 
j=O 
(5.13) 
By a simple calculation, using (5.4), we obtain, from (5.12) and (5.13), 
4-m 
\‘ f(pj) o,(pj)p-js 
,G 
= (1 -g(P)P-2s)(l -f(P)FS +&w2T2. (5.14) 
Combining (5.9), (5.1 l), and (5.14) gives the result and completes the 
proof. 
COROLLARY. We have 
(1) y u&)cJ&) n-S 
n=1 
= t;(s) C(s - k) [(s - b) C(s - k - b)/&!s - k - b), 
where C(s) is the Riemann zeta function, and 
(2) y n”r(n) d(n) n-’ = T’(s - b)/c(2s - 2b - 1 l), 
iT=l 
where T(s) is the generating function of r(n) and d(n) is the number of 
divisors of n. 
Proof of (1). If f(n) = ub(n), then g(n) = n*, F(s) = c(s) [(s - b), and 
G(s) = Qs -b). The result then follows from Theorem 10. 
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Proofof(2). Here we take k = 0. Since r(n) is the coefficient of a cusp 
form of weight 12 we see that the associated completely multiplicative 
function is n”. Since n* is completely multiplicative, we see that n”r(n) is 
specially multiplicative with associated function nZb+*‘. Thus G(s) = 
[(s - 2b - 11) and the result follows from Theorem 10. 
Remarks. (1) Result (1) of the corollary is due to Ramanujan [7] (see 
also [3, 111). 
(2) Result (2) of the corollary is due to Sivaramakrishnan [8]. 
THEOREM 11. If #(n) denotes Euler’s function, then 
%(n)#(n)nP=F(s- 1>n (1 -f(p)p-S+g(p)p’-2S). 
“2, P 
Proof: Since f(n) d(n) is multiplicative, we have 
i-03 
x f(n) Q(n) n-s = n +f f(p’)p-js#(p’). 
?I=1 p ,s 
From [3, Theorem 621 we have 
p’-‘(p - 9(Pj) ] 1) if j> 1, = 
1 if j= 0. 
Thus, by (3.1), we have 
1 m-9 $(PW’” 
j=O 
= 1 +f(p) #(P)P-” + ‘c” f(Pj) $(p’)p-jS 
j=2 
+O” f(P.9 
= 1 + (P - l)wP)P-” -g(P)P’-2s) ,zo pif 
1 -f(P)P+ + g(P)P’-2s 
= 1 --f(P)P’+ +g(p)p2-2s ’ 
(5.15) 
(5.16) 
by (5.4), after some simplification. 
Combining (5.15) and (5.16) gives the desired result and completes the 
proof. 
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COROLLARY. We have 
=C(s- 1)&-k-- l)n(l-(pk+ I)p-S+pk+l-*S). 
P 
Proof. If f(n) = U&I), then F(s) = C(s) <(s - k) and g(n) = nk. The result 
then follows from Theorem 11. 
THEOREM 12. Let 
F(s, x4) = F f(n) x,(n) n-s 
and 
G(s, x.,1 = y g(n) x,(n) n-‘. 
II=1 
Then 
F f(n) r(n) 6 - 
El 
4F(s) F(s, z,)/G(2s, x.4 
ProoJ: By 13, Theorem 2781 we know that r,(n)= r(n)/4 is a 
multiplicative function. Also from the same result we have, for any prime p, 
lj+ 1 if p = l(4), 
5(P’) = 
1 if ps- l(4)and jiseven, 
(5.17) 
1 if p = 2, 
0 else. 
We have 
$ Y$z)r(n)n(= ~,f(~)rJ~)~~s 
= IJ g f(pj) rl(P’)p-‘s. (5.18) 
Suppose p = 2. Then, by (5.17) and (5.4), we have 
F j-(2’) rl (29 2-j” = +f f(2j) 2-j” 
j=O j=o 
= (1 -f(2) 2-$ + g(2) 2-*5)-l. (5.19) 
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Suppose p = - l(4). Then, by (5.17)(2) of the corollary to Theorem 7 and 
the corollary to Theorem 8, we have 
= F f(p2')p-2'" 
j=O 
= (1 + &?(P)P-2s)(1 - cf2(P) - 2g(PNP-2” + g2(P)P-4s)-1 
I+ g(P)P-2s 
= (1 -f(P)P-s+dP)P-2s)(1 +f(P)P-“+g(P)P-2*)’ 
(5.20) 
Suppose p = l(4). Then, by (5.17), (5.12), and (5.14), we have 
+03 
c f(P’) ‘*(P9P-” 
j=O 
= ‘c” (j+ l)f(d’)p-j” 
j=O 
= (1 -g(P>P-2s)(1 -f(P)P-s +g(P)P-2”)-2. (5.21) 
Thus, by (5.18>-(5.21), we have 
f nT S(n) 0) KS 
= (1 -f(2) 2-” + g(2) 2-*“)-I 
1 - g(P)P-2s 
x .:,, (1 -f(P)P-s +g(P)P-2s)2 
1 +g(P)P-2s 
x PJ,,, (1 --f(P)P-’ + g(P)P-2s)(1 +f(P)P-S + g(P)P-2s) 
=wn (1 -x4(PMP)P-2s)u -X4tP)f(P)P-S+dP)P-2s)-’ 
P 
since x4 is a real character. Multiplying by 4 gives the result and completes 
the proof. 
COROLLARY. We have 
(1) y r2(n)nwS= 16[2(~)Lz(~,~4)(l + 2-‘)-l I;-‘(zS) 
II=1 
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REDMOND AND SIVARAMAKRISHNAN 
(2) F r’(n)x(n)n --s 
nil 
= 16(1 +~(2)2-s)-1L2(s,x)~2(~,~~)~-‘(2~~~z)~ 
where x(n) is any character modulo q. 
ProoJof( 1). Iff(n) = r(n)/4, then the associated function is g(n) = x,(n). 
Here F(s) = C(s) -L(s, x4), F(s, x4) = .L(s, xdL(s, xi) and G@, x4) = JWS, x.3. 
The result follows since xi is the principal character modulo 4. 
Proofof(2). If f(n) = x(n) r(n)/4, then the associated function is g(n) = 
x’(n)x,(n). Here F(s) =%x) Uxxd, &x4) = ~(s~xxJ Us,xx& and 
G(2s,x4) = L(2s, kxJ*). The result follows since xi is the principal 
character modulo 4. 
This completes the proof of the corollary. 
Remarks. (1) Result (1) of the corollary to Theorem 12 is due to 
Ramanujan [ 71. 
(2) Result (2) of the corollary to Theorem 12 is due to Motohashi [S]. 
It may be noted that Theorems 8, 10, and 12 are all special cases of a 
possible more general identity for the Dirichlet series 
t’ f(n) h(n) n-‘, 
El 
where f and h are both specially multiplicative. Unfortunately we do not see 
enough similarity between these three identities to be able to discover a 
general one. 
6. THE EXTENDED BUSCHE-RAMANUJAN IDENTITY 
If h(n) is an arithmetical function, define 
h,(n)= o 
I 
h(n) if nlk, 
else. 
Note that h,,(n) = h(n). Let H,(n) = @*h,)(n) and H(n) = H,,(n). 
THEOREM 13. With the notation as above we have 
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where f(n) is a specially multiplicative function and g(n) is the associated 
completely multiplicative function. 
Proof. In [9] it is deduced, from (1.2), that if f(n) is a specially 
multiplicative function, then 
f(mn) = ,,zn, f(mld)f(nld)g(d)~(d). 
Thus, by the definition of H,, 
\‘ 
dlT;;;.n) 
fW4 fW4 g(d) H,(d) 
= ,,g,, fW4fW4 h-0 \‘ hkW4W 
sld 
= ,,zn, f@GWWd) g(d) 1 44 ddls) 
s1Cd.k) 
= \‘ \‘ 
dli;;;,n) slzk) 
fW4fW4 g(d) 44 M/s) 
= 1 h(s) \‘ fWWWsO g(st> dt> 
sl0n.n.k) rloixl/s) 
= 
1 0) 0) \‘ fWWW~t> g(t) iuP> 
sl0n.n.k) rlorzws) 
= 
\‘ 4s) gW-(mnls’)~ 
sl(m,n.k) 
This completes the proof. 
COROLLARY. We have 
(1) y fGWlfW4 g(d) H(d) = x f(mnld2) h(d) g(d) 
d1Cm.n) dl(m.n) 
and 
(2) x f(m/d)f(n/d) g(d) 4(d) = x f(mnld2) dg(d). 
dl (rn.rf) dl0n.n) 
Proofof(1). This is just the case k = 0. 
Proofof(2). This is just the case h(d) = d of (1). 
An important example of the functions of the type H,(n) is given by the 
Ramanujan function c,(k) defined in (2.7). If we use this function in 
Theorem 13 we get the identity of the title of this section. 
226 REDMOND AND SWARAMAKRISHNAN 
THEOREM 14. We haue 
COROLLARY. We have 
(’ > ; f2tnld) g(d) Cd(k) = x f(+*) dg(d), 
dl(n,k) 
(2) ; r*(n/d) d"cd(k) = '- ?'(n*/d*) d'*, 
dlxk) 
and 
(3) “ o,(m/d) o&/d) dkcd(k) = 
dli;;;.n) 
x ok(mn/d2) dk+ ‘. 
dl(m,n,k) 
Proofof( This is just the case m = n. 
Proofof(2). If f(n) = r(n), then g(n) = P$’ and the result follows from 
(1). 
Proofof(3). If f(n) = o,(n), then g(n) = nk and the result follows from 
the theorem and completes the proof of the corollary. 
Remarks. (1) Result (3) is due to Cohen [ I J. 
(2) Result (2) is perhaps the only identity which connects the two 
functions, z(n) and c,(k), of Ramanujan. 
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